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Observables of topological Yang- Mills theory were defined by Witten as the classes of an equivariant cohomology. 
We propose to define them alternatively as the BRST cohomology classes of a superspace version of the theory, 
where BRST invariance is associated to super Yang-Mills invariance. We provide and discuss the general solution 
of this cohomology/ 



1. Introduction 

Observables in topological theories are global, 
such as knot invariants in Chern-Simons the- 
ory, Wilson loops, etc. The problem of finding 
them all is a problem of "equivariant cohomol- 
ogy" , as already pointed out by Witten in 1988 in 
the framework of 4-dimensional topological Yang- 
Mills theory Soon after, a superspace de- 
scription of the latter model and its symmetries 
has been introduced 4 5 6. 

Topological Yang-Mills theory is characterized 
by a local symmetry generator Q which is nilpo- 
tent in a functional space constrained by gauge 
invariance, and equivariant cohomology is the co- 
homology of Q restricted to this space. On the 
other hand, in the superspace approach which we 
shall use hereafter, the problem is transformed to 
that of looking for Yang- Mills BRST cohomology 
in a supersymmetric context where Q corresponds 
to a strictly nilpotent supersymmetry generator 
Q. 

Whereas the complete solution of equivariant 
cohomology is rather difficult to obtain |1I3| . we 
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hope that our proposal of working with a super- 
Yang-Mills cohomology should simplify the task, 
and also make it more systematic and manageable 
for possible applications to more general models, 
such as topological gravity and models with more 
than one supersymmetry generator [Jj. 

An extended paper on this subject is avail- 
able 0. 

2. Topological Yang-Mills Theory in Four 
Dimensions 

The purpose of four-dimensional topological 
Yang-Mills theory is to describe instanton or anti- 
instanton gauge field configurations. Denoting by 
a = a^(x)Ta(ix^ the Yang- Mills gauge connec- 
tion, where the matrices Ta form a basis of the 
gauge Lie algebra, with 



[Ta, n] = fab'T, , Tr (T.Tb) = 5ab 



(1) 



we may write the instanton equation as the self- 
duality condition 



(2) 



where f^i, is the Yang-Mills field strength associ- 
ated to the connection a, defined by 



/(a) = da -\- = — f ^iy{x)dx^ dx'^ 



(3) 
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Note that the self-duahty condition Q is ob- 
viously invariant under the usual (infinitesimal) 
Yang-Mills (YM) gauge transformation 



with the conditions: 



S^^^a — du) + [a, uj] 



(4) 



Witten's way ^ of generating these instanton 
configurations is to consider equation (jSJ as a 
gauge fixing condition for a local shift symmetry 
defined infinitesimally by its infinitesimal gener- 
ator Q: 



)a{x) = %l^{x) 



(5) 



The coefficients {x) of the infinitesimal param- 
eter 1-form 7p are taken as anticommuting fields, 
i.e. as ghost fields, the generator Q being thus in- 
terpreted as the BRST operator associated with 
the local shift symmetry. However, the transfor- 
mation lO is gauging away all 4 degrees of free- 
dom of a, whereas there are only 3 independent 
equations in the condition Q . Therefore one has 
to gauge away one of the four degrees of freedom 
of "0. This is done by imposing invariance under 
a local transformation of the ghost ip: 

Qi> = -Dad) = -d4> - [a, 0] , = , (6) 

where the ghost for ghost (t>{x) is a commuting 0- 
form. The Q-invariance of (f> is needed for the sake 
of the nilpotency of the BRST operator Q, which 
however holds only up to a field dependent YM- 
gauge transformation generalizing Q , defined by 



(7) 



but with the infinitesimal parameter uj replaced 
by the ghost for ghost field (j>. One checks indeed 
that 



W ■ 



(8) 



However Q is nilpotent when applied to YM- 
gauge invariant quantities. This led Witten to 
define the observables of the theory as the coho- 
mology classes of Q in the space of the gauge 
invariant operators, which is a problem of equiv- 
ariant cohomology \2\A\ : an operator O belongs 
to the equivariant cohomology of Q iff 



S(^)0 - 



Si^)V = 



To write an invariant action needs the introduc- 
tion of other fields than a, ^,4) which play the 
roles of antighosts and Lagrange multipliers for 
the self-duality constraint (O . This aspect of the 
theory will not be touched in the present contri- 
bution, the reader may consult the original liter- 
ature |1I2| . We shall concentrate on the "geomet- 
rical sector" spanned by the connection a and the 
ghosts ip and - which is what is needed for the 
determination of the observables. 

3. Superspace and Superforms 

The shift symmetry BRST operator Q is odd, 
i.e. it transforms fermions into bosons and vice- 
versa, hence it has the character of a supersym- 
metry (SUSY) generator. This has suggested, al- 
ready a long time ago |4I5I6| . a superspace and 
superfield description. Beyond a natural super- 
symmetry operation, whose generator is denoted 
by Q, the superspace formalism involves a super- 
connection and a supergauge invariance. The su- 
pergauge invariance may be partially fixed d la 
Wess-Zumino by setting to zero certain compo- 
nents of the superconnection, leaving us with the 
field content described in the last section. The 
shift symmetry operator Q defined by (|5I6(I is 
then recovered as the composition of the super- 
symmetry operation Q with a particular field de- 
pendent supergauge transformation |4l5lf)l8| . 

Superspace is introduced by enlarging the d- 
dimensional spacetime, of coordinates a;^ (p = 
0, • • • , d — 1), with the addition of one fermionic 
dimension^ described by a Grassmann (i.e. an- 
ticommuting) coordinate 9. One then defines a 
superfield as a superspace function 

S{x,e) = s{x)+es'{x) , 

linear in since 0^ — 0, which by definition trans- 
forms under an infinitesimal SUSY transforma- 
tion as 



QS = deS 



(9) 



but O^QV , 



^This construction may be generalized to the case of N 
SUSY generators, in a superspace with N fermionic di- 



mensions 
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or, in components: Qs — s' , Qs' = . (10) 

By construction the SUSY operator is strictly 
nilpotent: = 0. Introducing the differential 
dO - d. commuting quantity - we may define p- 
superforms, 

p 

k=0 

where i}p-k{x,9) = ujp-k{x) + 9uj'^_^{x) is a 
(p— fc)-form in x-space with superfield coefficients. 
The superspace exterior derivative reads 

d = d + dOde = dx'^d^ + dOdg , with <P = .(11) 

A supergauge theory will be based on a supercon- 
nection, the 1-superform'^ 

A = A{x,e) +d6Ag{x,e) 

= a{x) + ei^ix) + de {x{x) + 6l(/)(x)) , 

a Faddeev-Popov ghost 0-superform 

c{x,e)^c{x) + ec'{x) , 

and the corresponding BRST transformations 

sA = -{dC + [A, C]) , SC = -C^ {S^ = 0) .(12) 

The latter read, in components: 

Sa = -De , Sif; = ~[c, t/j] - Dc' , 

5X = -[c,x] -C, 50= -[c,<^] - [x,c'] , (13) 

Sc = -c^ , Sc' = -[c, c'] . 

The Wess-Zumino gauge mentioned at the be- 
ginning of this section consists in putting x = 0. 
The Q-transformations of Section |21 are then re- 
produced by adding to the Q-transformations ^ 
a particular supergauge transformation, namely a 
BRST transformation p3(l with c = and c' = (p. 
This shows the equivalence of the superspace ap- 
proach with the formulation originally proposed 
by Witten, the latter being a Wess-Zumino gauge 
fixed version of the former. We shall however 
keep to the superspace formalism for the rest of 
this paper, only specializing to the Wess-Zumino 
gauge for comparisons with the literature. 

^AU forms and superforms in this paper are Lie algebra 
valued: # = *Ta, see Q. 



4. Observables in the Superspace Formal- 
ism 

By contrast to the equivariant cohomology de- 
fined by Q, the (unrestricted) cohomology of Q 
is trivial: every form or superform which is Q- 
invariant is the Q-variation of another form or 
superform. This follows jOllOj from the fact that 
all fields are grouped in doublets {s{x), s'{x)} as 
in (|10|l . However, the cohomology that is a priori 
not trivial is indeed the cohomology of the BRST 
operator (|12I13|I . This observation suggests to 
define an observable Oi^d) as a BRST cohomology 
class: 

= , but ^ sV(d) , (14) 

where Ot^^^ and Vi^d) are both d-dimensional'' 
space-time integrals: 

0(d) = / ^d{x) , 'P(d) = / <Pd{x) , 

J Ma J Ma 

with the SUSY conditions: 

QO^d) = , QP^d) = . (15) 

The latter condition and the triviality of the co- 
homology of Q implies now that, up to a possible 
total derivative which can be discarded without 
loss of generality, the integrand of 0(^d) ~ the d- 
form ujd - is Q-exact: 

i^d{x) = QQ.d{x,9) , 

hence 

Qnd{x,e)^ [ dendix,9) , (16) 

J Ma J Ma 

which is the superspace integral of a superfield 
form, i.e. of a space-time form whose coefficients 
are superfields. From now on we shall work with 
such superfield forms. 

5. General Solution 

We want to find the general solution of the 
BRST cohomology problem lO with the SUSY 
invariance condition (|15() . The latter condition 

^The space-time dimension will not be fixed a priori. The 
space-time integrals are performed over an arbitrary d- 
manifold M^. 
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being automatically fulfilled using superspace in- 
tegrals such as (|16f) . wc are left with the BRST 
cohomology equation H14|) . It implies for the in- 
tegrand fid = ^^'^ft'^ in Hl()|) the condition 

s°-'^n"a + d°''^nli_^ + Q^-'^-^n\ = o , (17) 

where and ^^'^^^ft^ are some super- 

field forms. The indices p, g and s of ^$7^ mean, 
respectively, its space-time form degree, ghost 
number and SUSY number. The ghost number 
is equal to the degree in the superfield ghost C or 
its components c, c'. The SUSY number, which is 
indeed the "ghost number" corresponding to lo- 
cal shift symmetry, is defined by giving the value 
s = 1 to the SUSY operator Q (hence s = — 1 for 
the coordinate) and s = for the Yang-Mills 
connection a{x). All the forms VL'. are taken as 
polynomials in the superfields A, Ag, C and their 
derivatives d {■■■), de {■■ ■), which defines a func- 
tional space denoted by Eg. 

Now, nilpotency of S together with the coho- 
mological triviality of d and Q in the space £s 
imply that l(T7|l is but the first one of a set of 
bi-descent equations 

s^-p-m^ + d^-p-sn^p+l 

+Q D-p-g-l^g+l ^ (18) 

{p = 0,...,d; g = d-p,...,D-p). 

The observables of dimension d and SUSY num- 
ber s will thus be given by IjlGII as the general 
solution ''^^i^d '^^ dli ghost number 0, i.e. 
with D — d + s — 1. 

The general solution of the bi-descent equations 
(fn^ is divided in the two classes described in the 
two following subsections |H]- 

5.1. Equivariantly trivial solutions 

The first class of nontrivial solutions of the 
bi-descent equations correspond to nontrivial so- 
lutions of the BRST cohomology problem 114|l 
which are trivial in the sense of the equivariant 
cohomology. They have the general form |S] 

(19) 

where Tid is a gauge invariant function of the su- 
perfield forms Fa, 5* and $ and their covariant 



derivatives L)^* = rf* + [A, and Da^- These 
superfield forms arc the components of the super- 
curvature F = dA + A^ , 

F^FA + 1'de + ^ {def , (20) 
with 

FA = dA + A^ , 

■^^deA + DaAs =4, + DaX + 0{9) , 
<S> = dgAe + Al ^ 4^ + + O{0) . 

Their BRST transformations read as 

sFa = -[C,Fa], = 

The solutions (|19|l . although nontrivial in the 
sense of the BRST cohomology, are trivial in the 
sense of the equivariant cohomology. An easy way 
to see this is to go to the Wess-Zumino gauge, 
where they conserve the same form as in (|19|) . but 
with A, Fa, 4* and <i> replaced by a, Fa = da + a^, 
■0 and (f), and the operator Q replaced by Q. The 
result is then explicitly given by the Q-variation 
of a gauge invariant integral. 

5.2. Equivariantly nontrivial solutions 

The second class of nontrivial solutions of the 
bi-descent equations (|18|) corresponds to nontriv- 
ial solutions of the BRST cohomology problem 
(|14() which are also nontrivial in the sense of the 
equivariant cohomology. They are given in terms 
of superforms by the following superspace algo- 
rithm 0. 

1. Consider all the superforms Q.d{x,9) (of 
ghost number and superform degree D) which 
are nontrivial elements of the cohomology H{s\d) 
of S modulo d in the space of the superforms 
consisting of polynomials of the basic superforms 
A{x,e), C{x,d), dA{x,e) a.iiddC{x,9). Nontrivi- 
ality in the sense of the cohomology H{s\d) for a 
superform D, means 

sCt = (modulo d) , 

but Clj^S<h (modulo d) . 
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These Cljj are nontrivial solutions of sets of "su- 
perdescent equations" 



D 



sCil^ = . 



(21) 



2. Expand Qflo = dgCtn according to the 
space-time form degree p: 



D 
p=0 



(22) 



The space-time forms Wp are our solutions. In- 
deed, 

SWp{x) ~ (modulo d) and Qwp{x) — , 

which follows from applying the operator Q to 
the first of the superdescent equations if^ . and 
using the identities Qd = —dQ = —dQ, which 
are direct consequences of the definition Hll|l . 

We thus obtain, for a given maximum degree 
D, a set of observables 



(p) 



Wp{x) {p = 0,...D) 



(23) 



where the space-time forms Wp are the coefficients 
of the superform Q^Id, with 0,^ representing a 
nontrivial solution of the superdescent equations 

5.3. Solution of the superdescent equation 

The nontrivial observables are thus completely 
determined from the general solution of the su- 
perdescent equations (|21|l . The latter is given 
by the generalization to the present superspacc 
formalism of standard results of BRST cohomol- 
ogy JO]. The result is: 



L 

with L» = 2^TO,., -1, L>1 



(24) 



where fr{F) is the supercurvature invariant of de- 
gree rrir in F corresponding to the gauge group 
Casimir operator of degree rrir, and e^^{A) is the 
associated Chern-Simons form: 



dO^HA) = fr{F) 



(25) 



We note that the superform degree of the solution 
if^ is odd. 

An equivalent and convenient way to write 
down the integrants Wp(x) of the observables is 
given by the following expansion of the super ex- 
terior derivative of the superform H24() : 



■frdF) 

■■UAFa) 

-PW^ id0) 



(26) 



d^D = frAF)- 

= frAFA) 
D 

p=0 

the first equality following from (|25|l . It is indeed 
easy to check that the forms 

w'pix)= (27) 

differ from the Wp{x) by derivative terms only, 
and thus may be substituted to the latter in the 
integrals (|23() defining the observables. 

One finally checks that, upon reducing the re- 
sults to the Wess-Zumino gauge, one recovers the 
observables originally given by Witten Pp. 

6. Example 

We consider the case of maximum degree D = 
3. The superdescent equations read as 

sds + dnl = , snl + dClj = , 
snl + dCil = , sCil = o . 

The unique nontrivial solution is 
Cls = Tr {Ad A + fi^) , nl=TT (AdC) , 



nl = Tr (CdC) 



03 
"0 



I TrC3 



Note that D,^ is the Chern-Simons superform as- 
sociated to the quadratic Casimir operator of the 
gauge group. The observables are then given by 
the expansion 



6=0 



19=0 



p=0 

with 

w'o = Tr(</.2 + 20x^) 

w[ = 2Tr + ^x' + 0^aX) + 



(28) 



•) 



Tr (V-^ + 20F, -t- 2^Dax) + <!{■ ■ •) 



(29) 



^ = 2Tr iijFa) + d{- ■ •) 
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The observables are the integrals of these forms 
(and of TrFa^) on closed submanifolds of appro- 
priate dimension. 

In the Wess-Zumino gauge: 

w'o = Tr (02) , 

u;; -2Tr(V0)+d(-..) , 

^ = Tr (2(/.F, + V') + d{- ■ •) , 

^ = 2Tr(Vi^,) + d(...) 

which corresponds to Witten's result up to total 
derivatives. 

7. Conclusion 

The superspace BRST cohomology which we 
have proposed as an alternative definition of the 
observables of a topological theory of the Yang- 
Mills type, reproduces Witten's original result us- 
ing a rather straightforward extension to super- 
space of standard results on BRST cohomology 
|1U) . We have also seen that this cohomology pro- 
duces other solutions, which are easily proved to 
be trivial in the sense of equivariant cohomology. 
The main achievement has been to show 8 that 
there are no other solutions to the problem of 
the superspace BRST cohomology. These results 
lead us to wonder about the applicability of such 
an approach to the construction of observables in 
more complex systems, for example topological 
gravity and Yang-Mills theories with more than 
one supersymmetry generator. These are prob- 
lems under current investigation, and we hope to 
provide answers to these questions soon |7]. 
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